A freely rotating linear chain, formed by N (N~2) atoms with N -1 "bonds" of fixed lengths, is studied in three spatial dimensions. The classical (c) theory of that constrained system is formulated in terms of the classical transverse momentum -a, , and angular momentum lJ, associated to the jth "bond" (j =1, . . . , N -1). The classical Poisson brackets of the Cartesian components of -a, , and 1, , are shown to close an algebra. The quantization of the chain in spherical polar coordinates is carried out.
I. INTRODUCTION A freely jointed or freely rotating linear chain (or discretized string) is formed by N (~2 ) atoms so that the N -1 relative distances ("bonds" or "links" ) between any pair of successive neighbors along it are fixed. Such a system provides, for very large N, a simplified model for polymers (in the framework of classical statistical mechanics) [1 -7] and, for N=2, a description of lowenergy (rotational) degrees of freedom in diatomic molecules [8] . By using y, = 0, and y, =d, (8,ue " ay, (2.4) being the transpose of:-. G is a symmetric and nonsingular [2(N -1)]X[2(N -1)] matrix, which depends on O"y". . . , ON "y& 1. On physical grounds, since the quadratic form g+, y, ( A ), . y. is positive definite, it appears that the same should be true for = G:-. All these are consistent with the methods known to deal with dynamical systems subject to holonomic constraints [12 -14] . One (8/88, ) +u"(sinO, ) '(r) /Bg, ) ] ):
) . j (3.10) Vo, which is of order A, is just a multiplicative function of ui, . . . , uz, (as it contains no differential operator which would act upon wave functions}. The interest of (3.9) is that, except for the "quantum correction" Vo+XA' R, it does display a satisfactory analogy with (2.8), as the (Hermitian) e's are the genuine quantum analogs of the -a, 's.
H is a Hermitian operator. This follows easily from either (3.6) or (3.9). Moreover, H is bounded below. In fact, (3.7) yields, for any normalized g((p, 1i)) = 1) 
for all possible values of a, 's, I9's, and y's. Then, the second term on the right-hand side of (3.11) is nonnegative. Since (Q, II, if))~0 and the matrix 6 is such that R is bounded above and below, the boundedness below H follows. All these properties imply that H can always be regarded as (or, more precisely, extended so as to be) a self-adjoint operator. This can be fulfilled through the use of the associated quadratic form (g"Hgz) and the so-called Friedrichs extension theorem [11] . [du]g, integrating over all O"y"and using (3.9), (3.12) , and the Hermiticity of the e's, the continuity equation (3.13) which expresses conservation of probability, etc. We shall outline the classical limit for (3.12) [9] (about which more will be said in Sec. IV 8). This also shows, a posteriori, that the introduction of e"l, through (3.3) and (3.4) is consistent.
The set constitutes a Lie algebra; its mathematical characterization will be carried out elsewhere.
The set (4. 1) and (4.2) is reminiscent of the so(4) algebra for the hydrogen atom [11, 18] . T, =(3m/2)X, +(m/3)(y, +yz+y, y2) .
In planar polar coordinates, and after having imposed (2.2), one has y, =du"y, =de, u, and the analogs of (7.4) . In that regime [say, for k21 T ) A' (2md ) '] the right-hand side of (7.3) should go over that of (7.4) consistently as in the simpler case of the rotational partition function of a diatome molecule [4] .
The key point to be emphasized here is that no factor [(N -1)!] ' can now appear at any stage. In turn, the reason is that the correctly symmetrized wave function for the actual quantized chain appearing in (7. 3) requires only two terms for any N, and, hence, the normalizing factor n does not grow as N increases, as (7.2) indicates correctly. This peculiarity is in sharp contrast with the usual recipe for N free atoms in a quantum gas, where an adequately syrnmetrized sum over Nt permutations and, hence, a factor (N!) ' in the corresponding classical partition function are needed [22, 4] . Like in the latter, one also expects that in the classical high-temperature limit complete distinguishability is established and,
hence, that only one of the two possibilities in (7.2) contributes. Then, the right-hand side of (7.4) becomes indeed (7.4) in the classical limit through the above steps (i) -(iii) in the special case treated in Sec. VI [namely, for (6.14) and (6.3)]. Equation (7.4) is believed to provide a less realistic description of a polymer than a classical partition function in which the rigid bonds considered here are replaced by stiff springs. A wide digression about these issues will be presented in Sec. VIII A. In spite of such a limitation, a summary of several consequences of (7.4) and their relationship to polymers may have a certain methodological interest. The last term on the right-hand side of (7.6) coincides exactly with the D-dependent contribution to the entropy of a polymer, as given in Kuhn's kinetic theory of rubber elasticity [24] . By using (7.6) ticity" [4, 24] . We recall that the linearity between f and
' -turns out to be approximately valid for polymers [4, 24] . The calculations yielding the equipartition principle and (7.5) are entirely similar to those outlined elsewhere [25] for a related (but somewhat different) model, which corresponds, formally, to the replacement of the 3 X 3 matrix C, (dependent on u, , . . . , u~, ) by the constant 2, ' in turn, the latter are the elements of the matrix A, the inverse of A ', which appeared in T"Sec. IIA. For brevity, we shall omit those calculations. We believe that (BS/D)T &0 may hold in more general situations. The above analysis suggests that the chain be regarded as composed by a very large number of independent elements (namely, the N -1 "bonds" between successive particles), subject to thermal motion.
In turn, the above equipartition principle displays a basic property of a polymer, namely, that at a given temperature, the energy needed to add one element to the system is constant [3] . The approximations yielding (7.5) are similar to those discussed by Go and Scheraga [26] . See those authors and Fixman [7] , for further drscussron.
The same approximation yielding (7.5) [30 -35] and it was considered that at the classical level the stiff spring computation [28] is more realistic than the one using rigid links [27] . Closely [41] (each being regarded as two tops rotating independently about a certain common axis), tetramethylmethane [42] . Moreover, those quantum-mechanical analyses were extended to a wider class of molecules, also consisting of rigid frameworks in which (symmetric and even unsymmetric) tops were attached [43] . (iii) relationships between -a, and I, and between e and I, and (iv) the time evolutions of -a "I,, and of (P, e t)r) and (g, l f) Except f.or (ii), some quantum corrections have been found that disappear as A~O. Moreover 
